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(23) 8.4 Integralsof Rational Function (A)

(1) A RETINAL FUNCTION isaquotient of two polynomials O s A & 4 Anl) A1) (1)

1 2ot 1 ! !
For example L _ I areretinal functions
x2—4 " x(x—1)%2 "x(x*+x-1)

1 Inx |x—2| sin’x . .
— are not retinal functions

But :
W ie| G | x5 LSl 7

(2) PARTIAL FRACTION K T— &‘j:u)_.fi\ J}:jﬂ. L(SZ\)\
Any retinal function can be rewrite as sum of fractions | “27 < & ot Eealis daiss A0 i Linl S 1)

with denominator of degree 1 or 2(hasn’t real root) . N ”f:’ ‘51° L“”L’S Ef!.o&'ﬁﬁ% A:gu\.{\‘_,_\}y\
These fraction is cold partial fraction o5 bl Ol) BT LU A ) e el Ay i 52
ol o 0S5 540 el sl il saall 038 cand 5(Auiss

A B Cx A
x+a  (x+a)? "x%+ a?

To integrate arational function it is usually necessary to 8 ysa e ey sl G 0sSs dpas Alls JalS Ay
using partial fraction Al ) susll e g sana
RATIONAL FUNCTION PARTIAL FRACTION
2x A B
+
(x +2)(x —5) x+2 x—5
3x% —1 A B G
+ + :
(x—=7)(x + 3)? x—7 x+3 (x+3)
=] A I BX) B
(x +4)(x* +5) x+4 x245
xhl2 A I B | @S
(x—1)2(x2+7) x—1 (x—1)2 x2%2+7




(23) 8.4 Integrasof Rational Function (A) p2
2x% — 10x + 15
Example 1 evaluate theintegral [ “5—, - ax 42 December 2006
x> —4x* — 5x
Solution
x3—4x? —5x =x(x? —4x—-5)=x(x —=5)(x+ 1)
22 10 +15 _2x-10x+15 A B C
23 —4x2 =5x Tix(x =5)(x+1)  x x—=5"x41
A(x —5)(x+1) +Bx (x+ 1) + Cx (x = 5) = 2x* — 10x + 15
a x=0 = A(=5)(1) = 15 o>  —54=15 o A= -3
1
at x =5 & B(5)(6) =50 —50+15 = 30B =15 o B=>
9
at x=-1 = C(—1)(—6) =2-10(-1)+15 6C =27 = CZE

x3 —4x2%2 — 5x x x—-5 x+1

1 )
2x% —10x + 15 —aadiils o 1 9
I=j dx=f —+ + dx=—31n|x|+§ln|x—5|+—2—ln|x+1|+c

x%+2x+3

Example 2 Evauate theintegral f de 34 July 2004
Solution
xt—1=0?-1D?*+1) = (x—Dx+1D%?+1)
x2+2x+3_ x2+2x+3 GUEEA B Cx+D
-1 G-DE+DE+D G-D D Z+D
Ax+ D2+ 1) +Bx—D*+ 1D+ (Cx+D)(x—1D(x+1)=x*>+2x+3
at x = —1 = B G2l (D) NS SIONPLD = —4B=2 o> Bz%l
at x=1 = A2)2)=14+2+3 = 4A=6 o= A:%
3 1
ARG o (§>(1)(1)+(—E)(—l)(1)+D(—1)(1)=3
3 1
5+3=D=3 = 2-D=3 5 D=—-1
3 )
ikt o (E)(3)(5)+(7)(1)(5)+(2c—1)(3)=4+4+3
42—5—;+6c—3=11 = 20+ 6c—3 =11
6c+17 =11 = 6c=—6 = o — el

-I—fx2+2x+3d —f o2 PRV 6l 4
"RAR x*—1 2T x—1 x+1 x2+4+1 x%2+1 i

3 1 1
I=Eln|x—1| —§|x+1| —Eln(x2+1)—tan‘1x+c

| |Nolwo
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(23) 8.4 Integrasof Rational Function (A)

p3

XZ

Example 3 Evauate

(x—1Dx?2+2x+1) df

Solution
x—-D*+2x+D)=x-Dx+Dx+1)=x-1Dkx+1)?
x> B x2 A B C
G-DE2+2x+1D) G-Dx+12 G-D a+D x+12

2cA+1)?2+Bx—1D(x+1D)+Clx—1) = x?

at x =1 = 44 =1
at x=-1 = =-2c=1
atx =0

> (W +BeDm+ () M
V!
4

0 5 B=0
= = ——B =
4

- x? = 3
I_,[(x—l)(x2+2x+1)dx_,[< 1 %+

1

2

T

—1l| 1|+31| + 1] +
=7 nlx 2 nlx

=
2
+ ot 1)2> dx

1
A:Z
-1
C:—Z
3
5=1

Example 4 Evauate j 25

X2t )
N el
—4x + 3

Solution

x?—4x+3=(x-3)(x—-1)

x—1

1
x2—4x+35 X2 —3x+2
_x214x;3

1 x—-1

x2—3x+2_ N =1 %l
—4x+3 x2—4x+3

I_]x2—3x+2d —f1+
7B

1
(x—3)

HCEDCEN

Tx-3)

dx =x+1In|x—3|+¢

&Y

1
f dx
AR

=In|lx+al+c

—1 d
_[(x+a)2 &

-1
_x+a

+c

sz—j_azdx = Etan‘1 (E)

1 X
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(23) 8.4 Integralsof Rational Function (A) p4

cotx
Example 5 Evauate f —— _dx 4 December 1995
sinx — 1
Solution

1_.[ cotx d _f COS X d
~ ) sinx—1 = sinx (sinx — 1) *
Let u=sinx = du=cosx dx

1
szu(u—l)du

1 A B

= —+
u(u—-1) u (u-1)
Alu—1)+Bu =1
at==0 > -A4=1 A=—-1
at x=1 = B=1

1 1
I=f(—a+u_1)du=—ln|u|+ln|u—1|+C=—ln|sinx|+ln|sinx—1|+C
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(23) 8.4 Integralsof Rational Function (A) p5
Homework
2
1 | Evaluate theintegral j 3x4 +11 X 43 May 2007
4 e
2 _
2 | Evaluate theintegra f 3x+ > XZJ:_ZZ dx 41 July 2006
== X X X
3
3 | Evaluate theintegra j xf+—+422dx 37 June 2005
2
4 | Evaluate theintegral f i +13 dx 40 May 2006
& o
i 5x% 4+ x —2
Evaluate theintegral
S = j A+D06r— D%
Evaluate the integral —_—
6 = f Gere
x?—3x+5
Evaluate the integral
Z i f x*+5x2+4
8 | Evaluate the following integral : (3 points) j(l o2 dx 50 Dec. 15, 2009
3 2 2
9 | Evauate theintegral j; iiz :i — 1dx 1 May 1994
3
10 | Evauate theintegral f i 3’; . 2 May 1995
LY ot
2
1] | Evaluate theintegral 2% P16 3 August 1995

x+ D2+
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(23) 8.4 Integrasof Rational Function (A) p6
Homework
5 3
1 Evaluate theintegral f gl 11 11 1 dx 4 December 1995
— (xz o 1)2
. 3x2+ 11x + 7
Evaluate theintegral 5 M 1996
z ;" @ - DG+ 6x 1 10) iif
X
3 Evaluate theintegral j G DT D dx 6 July 1996
3
4 | Evaluate theintegral j x3 1) 1dx 7 November 1996
. 3 —
] i rs
5 | Evaluate theintegral Sl 8 May 1997
4 7
& SEEELEEX
3x+5
Evaluate the integral 10 August 1997
0 o jx3—4x2+x—4dx g
4
[ Evaluate theintegral f dx 11 December 1997
= 14+ x—x%—x3
2
Evaluate theint 12 D 1997
8 vauate theintegral f1+x+x2+x3dx ecember 199
. 6x%>—3x+1
Evaluate the integral 13 M 1998
9 i Grr D+ D 4
. x?—2x+1
Evaluate the integral 15 December 1998
10 = fx“ v LtkEai dk
2 _
11 | Evauate theintegral j (jx_ 1)([:;:_51) dx 18 December 1999
; 2x%+ 3
Evaluate theintegral 19 M 2000
e ™ fx3+x2+4x+4dx &
i)
13 | Evauate theintegral j de 20 April 2000
o X’ +x—6
. 2x% + 3
Evaluate the integral 21 May 2000
1 p jx3+x2+4x+4dx '
d
15 | Evaluate f _ (4pts) 41 14 January 2012
— 1+ sinx —cosx
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